A time dependent theory for radiative recombination induced by strong pulses is presented. Analytic solutions in the adiabatic limit are derived and found to be in excellent agreement with exact numerical solutions. Both the pump-before-dump \intuitive" and dump-before-pump \counter-intuitive" schemes are considered. Resonantly-enhanced two-photon recombination of ultracold atoms is shown to be an e cient mechanism for the production of ultracold molecules. We have performed detailed calculations on the radiative recombination of cold Na atoms by short laser pulses. Our calculations show that, per pulse, it is possible for up to 97% of all head-on Na-Na colliding pairs to end up as v = 0, J = 0 translationally cold Na 2 molecules. We show that these ndings, translated to a thermally-cooled ensemble conditions, mean that the fraction of Na atoms at Kelvin which can be recombined by a pulse of 20 nsec duration and 10 8 Watts/cm 2 peak intensity, to form J = 0 molecules is 6 10 ?6 per pulse. With the above parameters, a laser operating at 100Hz can convert half of an ensemble of cold atoms to cold molecules in 25 minutes. The e ciency of the process can be increased by going to longer pulses of lower intensity, by going to lower temperatures or by increasing the density of the ensemble. In particular, the \counter-intuitive" scheme which allows for use of longer pulses of lower intensities, with no spontaneous emission losses, considerably increases the yield. 
I. Introduction
While trapping and cooling of atoms in magnetic 1 and optical 2?8 elds was demonstrated more than a decade ago, 3 the laser cooling of molecules still presents an imposing challenge. 9;10 Schemes that work for atoms fail for molecules mainly due the existence of many near-resonance lines and the, not uncorrelated, fact that in addition to translation, other degrees of freedom (rotations, vibrations etc.) must be cooled. It is worthwhile noting that using o -resonance inhomogeneous e ects allows to align 11?17 and even trap 18 molecules, but such o -resonant processes do not lead to cooling.
Instead of trying to cool existing molecules one may try to synthesize cold molecules via the recombination of cold atoms. In this way the slow motion of the recombining atoms becomes the slow center-of-mass motion of the molecules. This idea was rst proposed by Julienne et al. 19 ;20 who envisioned a multi-step recombination, rst involving free-bound excitation of translational continuum states of cold trapped atoms to an excited vibrational level in an excited electronic molecular state, followed by a bound-bound spontaneous emission to the ground electronic state. Band and Julienne 20 studied the use of this scheme in the production of cold ground-electronic state Na 2 molecules. They suggested recombining a colliding pair of cold Na atoms via a two-photon absorption to form a molecular Rydberg level, followed by spontaneous radiative decay to the ground molecular state.
An undesired feature of this scheme is that due to the spontaneous nature of the second step, the molecules thus produced might end up populating a large range of vibrational levels. Julienne et al. 19;20 preference for spontaneous emission as a means of cooling molecules formed initially in excited states, stems from their perception that spontaneous emission would be more e cient than stimulated emission in producing ground state molecules. They argued that stimulated processes would result in a marked degree of back-dissociation via the reverse bound-bound-free, path.
In this article we show that when a proper theory of recombination with pulses is formulated, one reaches the conclusion that the above need not be the case and that the application of strong pulses does in fact result in a very e cient fast cooling mechanism. Because of the stimulated nature of the process the laser frequencies can be chosen such that only groundstate molecules in their ground vibrational rotational state are formed. It is shown that, though the reverse two-photon dissociation process interferes with recombination of cold sodium atoms, considerable recombination yields are obtained using realistic laser parameters. Two alternative pulse schemes are suggested. The organization of this article is as follows: In section II we present a non-perturbative theory of photo-recombination by strong laser pulses. Such a theory is necessary because the pulsed situation di ers substantially from the CW case. In Section II we apply this theory to the calculation of the time dependence of the process of resonantly-enhanced two-photon recombination of a wave packet of cold Na atoms. A scheme for transferring a thermal ensemble of cooled trapped atoms to an ensemble of cooled trapped molecules in their ground vibrotational state is presented in section IV. Some thermodynamic observations are presented in the Conclusions section.
II. Theory of Photo-recombination of a Coherent Wave Packet
We consider a pair of colliding atoms, described by a continuum of scattering states j E; n + i, with n incorporating the quantum indices specifying the electronic states of the separated atoms and E being the total collision energy. Under the combined action of two laser pulses, of central frequencies ! 1 and ! 2 , the atoms may recombine to form a bound molecular state j 1 i. We assume that ! 2 is in near resonance with the transition from the continuum to an intermediate bound state j 2 i and that ! 1 is in near resonance with the transition from j 2 i to j 1 i. The situation is depicted in Fig. 1 for a -type con guration (i.e., a con guration in which the intermediate-resonance j 2 i is higher in energy than the initial j E; n + i or nal j 1 i states).
The total Hamiltonian of the system is written as H tot = H ? 2~ 1 ^ 1 1 (t) cos(! 1 t) ? 2~ 2 ^ 2 2 (t) cos(! 2 t); (1) where H is the radiation-free Hamiltonian, 1 (t) and 2 
Substitution of the expansion of Eq. (2) into the time-dependent Schr odinger equation, i h@ =@t = H tot , and use of the orthogonality of the j 1 i, j 2 i and j E; n + i basis states, results in an (indenumerable) set of rst-order di erential equations for the expansion coe cients. In the rotating wave approximation, this set of equations is of the form,
db E;m dt = i 2;E;m (t) exp(i E t)b 2 (t); m = 1; :::; N; (6) where N is the number of (asymptotically) open channels, 
If the molecular continuum is unstructured as in the present Na-Na system at threshold energies, where the bound-free dipole matrix-elements vary with energy by less than 1% over the (nsec) pulse bandwidth, we can invoke the slowly varying continuum approximation (SVCA). 21;22 In this approximation we replace the energy-dependent bound-free dipole-matrix elements at energies spanning the laser pro le by their value at the pulse center, given (in the con guration of Fig. 1 
The use of the SVCA (whose range of validity has been thoroughly researched, 23 ) greatly simpli es the equations because upon substitution of Eq. (7) and Eq. (11) ), i.e., the rate of populationchange in the bound manifold, can be estimated using Eq. (15) and its complex conjugate as,
The rst term in Eq. (19) represents the recombination rate,
and the second term the back-dissociation rate,
In what follows we shall calculate explicitly P(t) by solving Eq. (15) . As a rst step towards solving Eq. (15) we can diagonalize the H matrix, U H =Ê U; (22) thereby de ning an adiabatic basis set. In the above, the eigenvalue matrix,Ê, is given as,
The complex-orthogonal eigenvector matrix U, satisfying the equation,
can be parametrized in the 2 2 case in terms of a complex \mixing angle" , 21 
Operating with U(t) on Eq. (15), and de ning, (27) we obtain that, d dt a = fiÊ(t) + Ag a + ig : (28) where
is the \non-adiabatic" coupling matrix. The source-vector g is given as,
The adiabatic approximation amounts to ignoring A. This can be done whenever the rate of change of U with time is slow. Equation (28) 
In the recombination process the initial conditions are such that
hence the adiabatic solutions are of the form,
where
and
Using Eq. (27) and Eq. (16), we obtain for the b 1 (t) and b 2 (t) coe cients: 
Given b 2 (t), the (channel speci c) continuum coe cients b E;n (t) are obtained directly via Eq.
. It is instructive to study the adiabatic solution when there is insigni cant temporal overlap between the two laser pulses. Assuming in that case that the ! 2 pulse comes before the ! 1 pulse, we have during the ! 2 pulse that 2 1 , hence that, E 1 = 1 ; E 2 = i 2 and (t) = 0 .
Substituting these values into Eqs. (36) and (10), we obtain during the ! 2 pulse that,
From Eq. (14) it is clear that the the source term F 2 (t) is linearly proportional to the pulse amplitude. On the other hand, since 2 > 0 and t 0 < t, the expf? s t t 0 2 (t 00 )dt 00 g factor (depicting dissociation back to the continuum) decays exponentially with increasing intensity. Thus, the mere increase in laser power does not necessarily increase the recombination yield. There exists some optimal intensity, beyond which the recombination probability decreases. In the next section we probe some pulse con gurations for a realistic case of radiative recombination.
III. The Radiative Recombination of a Coherent Na+Na Wave Packet
The above formulation allows for an easy computation of pulsed radiative-recombination processes. We now apply it to the study of the pulsed radiative recombination of a coherent wave packet of cold Na atoms. The computations use the purely material (essentially the transitiondipole) matrix elements obtained by solving the radial Schr odinger equation for the motion of the Na atoms on known 24 potential curves. These matrix elements need be computed only once for all intensities.
We describe the coherent wave packet of the free J = 0 atom-atom motion by an (energetically narrow) normalized Gaussian wave packet of radial waves: Though all initial ensembles contain many radial waves, the fact that the bandwidth of the above wave packet and that of the lasers used is much smaller than the rotational spacings, allows to tune the ! 2 laser frequency such that only the E 2 (v; J = 1) E transitions are in resonance with the laser central frequency. As a result, for parallel transitions (as in the Na 2 (A) Na 2 (X) case), only the J = 0 (and the J = 2) partial waves are absorbed by the ! 2 pulse.
As depicted in Fig. 1 , the combined e ect of the two laser pulses of central frequencies ! 2 and ! 1 (taken to be in resonance with the (X In order to perform the calculation we need to compute the dipole matrix elements of Eq. (7). Given the (ab-initio 24 ) electronic dipole-moments and potential curves of Fig. 2 , the bound eigenfunctions and eigenenergies are obtained using the renormalized Numerov method. 25 The continuum wavefunctions are expressed, to excellent accuracy, in terms of the Uniform Airy functions. 26?29 The overlap integrals between the bound states are calculated using Simpson quadrature. The calculation of the bound-continuum matrix elements is performed with a high-order Gauss-Legendre quadrature.
As veri ed numerically, the 2;E bound-continuum matrix elements do not vary appreciably with kinetic energy over the pulse spectral bandwidth, thus justifying the use of the SVCA of Eq. (11). We therefore rewrite Eq. (14) Having computed all the input matrix elements, the dynamical equations are solved using either the Runge Kutta Merson (RKM) algorithm for direct integration of the full non-adiabatic equation (Eq. (15)) or the adiabatic solutions of Eq. (10) and Eq. (36). For 0 1;2 and t 1;2 pulse parameters of relevance to this work, the adiabatic solutions were found to be practically indistinguishable from the numerically-exact RKM solutions.
The results of an \intuitive" scheme in which the 2 (t) pulse precedes the 1 (t) pulse, are plotted in Fig. 3 . We see that e cient formation of cool Na 2 molecules is indeed achievable: almost 97% of all J = 0 Na atom pairs are seen to recombine. As shown in Fig. 3 the \intuitive" pulse sequence proceeds by having population rst transferred from the continuum to the intermediate state, due to the action of the 2 pulse. When this pulse is essentially over the 1 pulse, acting as a \ " pulse, induces complete population transfer from the intermediate state to the ground state. This scheme does not take into account losses due to spontaneous emission from the intermediate state. Such losses are signi cant for 20 nsec pulse-durations which are comparable with the radiative lifetime of that state. Because the equation scale with pulse duration and intensities, as discussed below, Spontaneous emission losses may be minimized by using shorter, more intense pulses.
The spontaneous emission losses may be e ectively eliminated by utilizing a di erent recombination scheme, proceeding via a \counter-intuitive" pulse sequence. In the \counter-intuitive" scheme, presented in Fig. 4 , the \dump" 1 (t) pulse is applied before the \pump" 2 (t) pulse. As shown by Bergmann et al. 30 for bound-bound -type con gurations, the \counter-intuitive" scheme enables 100% population transfer from the initial state to the nal state without ever populating the intermediate-resonance, by the so-called \Adiabatic Passage" (AP) process. The situation in photo-dissociation for which the nal state is in the continuum is not so straightforward 21;22 . Whereas adiabaticity may still work in this case, 22 the ability to execute AP, in which population is transferred monotonically from one level to another without populating the intermediate level is much more limited. It is therefore of interest to see how close to AP we can be in the photo-recombination process in which the initial state is part of a continuum.
In Fig. 4 we demonstrate that indeed, with judicious choice of pulse parameters, a \counter-intuitive" pulse sequence is capable of transferring a continuum wave packet, essentially in its entirety to the ground state, while keeping at all times the intermediate state population low. The process depicted here, though not a perfect adiabatic passage, is nevertheless adiabatic, since the adiabatic solutions of Eq. (36) and Eq. (37) to Eq. (15) are in perfect agreement with the exact-numerical RKM solutions. This near AP situation is a great improvement over the \intuitive" scheme of Fig. 3 , because, by keeping the population of j 2 i low, we minimize spontaneous emission losses due to the j 1 i j 2 i transitions.
Figures 3 and 4 have been obtained with pulse intensities of order 10 8 W/cm 2 and pulse durations of several nsec. Such pulse intensities are su ciently small to avoid unwanted photoionization, photodissociation and other strong eld parasitic processes. The disadvantage of short pulses is that only atoms su ciently close to one another during the laser pulse can be recombined. In other words, the initial wave packet of continuum states considered here must be synchronized in time and in duration with the recombining pulses. It is therefore of interest to see whether it is possible to employ longer pulses (of lower intensity) in order to increase the absolute number of recombining atoms and the overall duty cycle of the process.
Use of pulses of di erent intensity and di erent durations is illustrated for the \counter-intuitive" scheme in Figs. 5a ,b, where the rates of recombination (P rec of Eq. (20)), backdissociation (P diss of Eq. (21)), and the net recombination rate (P (t) of Eq. (19)), are plotted as a function of time. A short-pulse case is shown in Fig. 5a and a long-pulse case, with a more spread out wave packet , is shown in Fig. 5b . Both gures appear identical, though in Fig. 5b 
where b denotes the vector of solutions of the scaled equations. We see that the scaled coecients at time t are identical to the unscaled coe cients at times t=s.
One of the results of the above scaling relations is that the pulses' durations can be made longer and their intensities concomitantly scaled down, without changing the nal populationtransfer yields. As mentioned above, lengthening of the pulses is bene cial because it causes more atoms to recombine within a given pulse.
There is however a limit, imposed by the spontaneous emission losses, on the bene ts derived from lengthening the pulses: In principle, we can minimize such losses by either working with su ciently short pulses or by keeping the population of the intermediate state down at all times. As shown in Figs. 3 and 4 , while the former strategy works for both \intuitive" and \counter-intuitive" schemes, the latter is achievable only in the \counter-intuitive" case.
It is of interest to examine the time dependence of the individual continuum coe cients, which, once b 2 is given, are readily obtained from Eq. (9) . The case of the \counter-intuitive" pulse sequence is illustrated in Fig. 6 . As in the \intuitive" scheme, the initial (t = 0), continuum population distribution is given as a gaussian function of kinetic energies with mean value of 0.0695cm ?1 and width of 0.001 cm ?1 . As a result of the pulses' actions, the population of the continuum is depleted in an essentially monotonic fashion. Contrary to the \intuitive" scheme, in the \counter-intuitive" case the intermediate state population never builds up appreciably and back-dissociation to the continuum hardly occurs.
It is also of interest to ask what is the 2;E 0 t 2 e ective pulse area which maximizes the recombination yield for a xed initial wave packet. The net-recombination yield vs. the e ective pulse area is plotted in Figs. 7a for the \intuitive" scheme and in Fig. 7b for the \counter-intuitive" scheme. In both cases a clear maximum occurs at a speci c pulse area; the mere increase in pulse intensity does not lead to an improved recombination yield. We can attribute this behavior to the fact that the recombination rate (P rec of Eq. (20)), increases linearly with increasing pulse intensity, whereas dissociation rate (P diss of Eq. (21)) increases exponentially with the intensity. Hence, as long as the energetic width of the initial wave packet stays xed, the recombination yield turns over with increasing pulse area. The turn-over point is di erent for the two pulse schemes: in the counter-intuitive" case it occurs at a much higher intensity (area).
IV. Photo-Recombination of an Ensemble of Cold Atoms
We now use the results obtained above for coherent wave packets to estimate the photorecombination yield in a thermal ensemble of cold atoms. The experimental setup we have in mind consists schematically of a magneto-optical atomic trap, the recombination lasers, and a secondary non-resonant optical trap placed below the rst trap. As the cold atoms recombine, the resulting molecules free-fall out of the trap (since trapping laser frequencies are o -resonance with respect to molecular transitions). The slowly falling molecules can be trapped by a strong non-resonant optical eld placed below the atomic magneto-optical trap. Non-resonant trapping 18 is possible because the molecules are already very cold and are moving very slowly. If the delay between consecutive applications of the laser pulses is long enough for the molecules just formed to exit the atomic trap, the applications of many pulses of the recombining lasers (which cannot back-dissociate the now absent molecules) will eventually convert all the atoms in the atomic trap into J = 0; v = 0 cold molecules in the other trap.
Since the recombination yield of a wave packet of particles which collide while the pulse is on is near unity, we can estimate the fraction of atoms that form J = 0 molecules per pulse in the following way: Using the semi-classical relation between J and the impact parameter b J , b J = h(J+1=2) mv , where m is the reduced mass of the collision pair and v is their relative velocity, the J = 0 constraint means that only those colliding pairs whose impact parameter lies between 0 and b 0 = h=2 mv are a ected by the laser. Hence all the atoms contained in a cylinder whose height is v t 2 (where t 2 is the duration of the pump pulse), and whose area is b 2 0 will be recombined with a given atom. (T ) -the fraction of recombining atoms per pulse at temperature T is therefore given as,
where n is the density of atoms in the trap. Using the values of n = 5 10 11 cm ?3 for the trapped-atom density in a typical optical trap 3;4 and taking the Na velocity at 0.001K as v = 1:2 10 2 cm/sec we nd that the recombination yield to form J = 0 molecules per pulse is (0:001K) = 10 t 2 . For t 2 = 20 10 ?9 seconds (0:001K) = 2 10 ?7 per pulse. If we operate the laser at 100 Hz we can convert half of an ensemble of 0.001K Na atoms to v = 0; J = 0 Na 2 molecules in 10 hours. These times can be made much shorter by going to longer pulses (as a orded by the \counter-intuitive" scheme), or by working with a Kelvin ensemble. Increasing the density of the ensemble also aids in increasing the recombination yields. Thus working with a 200nsec pulses (at 1/10 the intensity) with a Kelvin ensemble, improves the e ciency by a factor of 320. This means that the conversion of the atoms to cold molecules will be half-complete within 2 minutes!
V. Conclusions
We have developed a non-perturbative general theory of two-photon pulsed radiative recombination and have shown that stimulated two-photon recombination of ultracold atoms is an e cient mechanism of producing ultra-cold molecules. We have performed detailed computations on the Na+Na! Na 2 process and have demonstrated that up to 97% of J = 0 colliding atom-pairs can be recombined per (commercially available nsec laser) pulse. The ground state molecules produced in this manner are vibrationally and rotationally cold. This is an enormous improvement over the spontaneous-emission schemes 19;20 where vibrationally and rotationally excited molecules may result. Numerical results indicate that the cooling scheme is robust, i.e. it is unlikely to fail due to uctuations in laser frequency and intensity or in pulse shaping.
We have shown that the recombination yields remain unchanged when the width of the initial wave packet and the intensities of both pulses are scaled down and the pulse durations are appropriately scaled up. Both the \intuitive" (pump pulse preceeding the dump pulse) and \counter-intuitive" (dump pulse preceeding the pump pulse) pulse-sequences were examined. Both sequences result in a high yield of recombination, with the \counter-intuitive" scheme having an advantage in keeping the population of the intermediate (Na 2 (A; v = 34; J = 1)) state low even for relatively long pulses. In this way it is possible to minimize the spontaneous emission losses. In contrast, in the \intuitive" scheme, the recombination yield depends on accumulating population in the intermediate state. In the \intuitive" scheme, in order to overcome spontaneous emission losses the recombination must therefore be executed with pulses shorter than the radiative lifetime of the intermediate state.
We have calculated the recombination yield per pulse for an ensemble of thermally cold atoms and have found it to be related to the pulse length t 2 , the velocity v(T) and the density n in the trap as, (T ) = n h 2 4m 2 v(T) t 2 . For 20 nsec pulses and typical trap densities, and ensemble temperatures of Kelvin the recombination yield per pulse is as high as 6 10 ?6 , i.e. with a 100Hz laser source half of the entire ensemble of cold atoms can be transferred to an ensemble of cold molecules within 25 minutes.
Although the center of mass (CM) velocities of atoms and the resulting molecules are expected to be almost identical (save for a net additional velocity of 10 cm/sec due to the di erence in photon momenta of the absorbed ! 1 and the emitted ! 2 ), due to the reduction in phase space volume, the entropy of each molecule is smaller than that of the pair of atoms that formed it. It would seem that the overall process discussed here entails entropy reduction, but this is not the case. In fact, as the J = 0 and J = 2 atoms recombine, the remaining atomic ensemble becomes de cient in these atom-atom angular momentum components, resulting in an increase in the entropy of the atomic ensemble because of the larger weight (2J + 1) of the magnetic sub-levels belonging to the higher bJ states. Due to secondary collisions, the circu-larity thus produced translates, under the e ect of the optically induced boundaries, into heat which is eventually disposed o by the trapping optical eld. Thus, indirectly, the optical eld that traps the atoms is responsible for absorbing the excess entropy from the atomic ensemble thereby enabling the production of the entropy-reduced ultra-cold molecular ensemble.
Figure Captions (t)) is 8.5 nsec. and the FWHM of the dump pulse ( 1 (t)) is 1.2 nsec. The pump pulse peaks 5 nsec before the peak of the Na+Na wave packet (t 0 = 15 nsec) and the dump pulse peaks at 10 nsec after t 0 . The initial kinetic energy of the Na atoms is 0.0695 cm ?1 (or 0.1 K). 4 . Results of the \counter-intuitive" pulse sequence. Symbols are the same as in Fig. 3 . The maximum intensity of the dump pulse is 1:6 10 8 W/cm 2 and that of the pump pulse is 3:1 10 9 W/cm 2 . Both pulses last 8.5 nsec. The pump pulse peaks at the peak of the Na+Na wave packet (t 0 = 20 nsec) and the dump pulse peaks at 5 nsec before that time. Other parameters are as in Fig. 3 . 
